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^ Abstract. We consider an infinitesimal version of the Bishop- 

■ Gromov relative volume comparison condition as generalized no- 
(N ■ tion of Ricci curvature bounded below for Alexandrov spaces. We 

^ I' prove a Laplacian comparison theorem for Alexandrov spaces un- 

1^ I der the condition. As an application we prove a topological split- 

■ ting theorem. 

o 

Q . 1. Introduction 

^ I In this paper, we study singular spaces of Ricci curvature bounded 

^ • below. For Riemannian manifolds, having a lower bound of Ricci cur- 

vature is equivalent to an infinitesimal version of the Bishop-Gromov 
volume comparison condition. Since it is impossible to define the Ricci 
curvature tensor on Alexandrov spaces, we consider such the volume 
comparison condition as a candidate of the conditions of the Ricci cur- 
OO '. vature bounded below. 

In Riemannian geometry, the Laplacian comparison theorem is one of 
the most important tools to study the structure of spaces with a lower 

■ bound of Ricci curvature. A main purpose of this paper is to prove 
! a Laplacian comparison theorem for Alexandrov spaces under the vol- 
ume comparison condition. As an application, we prove a topological 

■ splitting theorem of Cheeger-GromoU type. 

^ ■ Let us present the volume comparison condition. For /t G M, we set 

H : , 

5^, \ sm{^/K,r) / ^/k if k > 0, 

r if = 0, 

sinh(A/]/«|r)/A/jK[ if k < 0. 

The function is the solution of the Jacobi equation s"(r)-|-/tSK(r) = 
with initial condition 5^(0) = 0, s'^(O) = 1. 
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Let M be an Alexandrov space of dimension n>2. For p & M and 
< t < 1, we define a subset Wp^t C. M and a map ^p^t '■ Wp,t M 
as follows. X G Wp^t if and only if there exists y E M such that x E py 
and d{p, x) : d{p, y) = t : 1, where py is a minimal geodesic from p to y 
and (i the distance function. For a given point x G W^p^j such a point y 
is unique and we set ^p^t{x) '■= y- The Alexandrov convexity (cf. §2.2p 
implies the Lipschitz continuity of the map $p_i. Let us consider the 
following. 

Condition BG{k) at a point p G M: We have 

for any x G M and t G (0,1] such that d{p,x) < 'n j \fK if k > 0, 
where $p,t*7i" means the push-forward by of the n-dimensional 
Hausdorff measure HJ^ on M. 

If M satisfies BG(k) at any point p G M, we simply say that M 
satisfies BG(k). 

The condition, BG(k), is an infinitesimal version of the Bishop- 
Gromov inequality. For an n-dimensional complete Riemannian mani- 
fold, BG(fi;) holds if and only if the Ricci curvature satisfies Ric > — 
!)«; (see Theorem 3.2 of |i20j for the 'only if part). We see some studies 
on similar (or same) conditions to BG(fi:) in[7l[33l[l5l[T6l[29l[20l[3H] 
etc. BG(k) is sometimes called the Measure Contraction Property and 
is weaker than the curvature-dimension condition introduced by Sturm 
|34t [35] and Lott- Villani [T7] . Any Alexandrov space of curvature > k 
satisfies BG(k). However we do not necessarily assume M to be of 
curvature > k. For example, a Gromov-Hausdorff limit of closed n- 
manifolds of Ric > in — 1)k, sectional curvature > kq, diameter < 
and volume > f > is an Alexandrov space with BG(k) and of curva- 
ture > Kq. 

To state the Laplacian comparison theorem, we need some notations 
and definitions. If M has no boundary, we define M* as the set of 
non-(5-singular points of M for a number 5 with 0<5^1/?2. IfM 
has nonempty boundary, we refer to Fact 12.61 below for M* . All the 
topological singularities of M are entirely contained in M \ M* and 
M* has a natural structure of C°° differentiable manifold. We have 
a canonical Riemannian metric g on M* which is a.e. continuous and 
of locally bounded variation (locally BV for short). See §2.21 for more 
details. We set cotK(r') := s'J^r)! sjyr) andrp(a;) := d{p,x) forp, x G M. 
The distributional Laplacian A Vp of Vp on M* is defined by the usual 
formula: 

Arp:=-Di{^\g'^d,r), 

on a local chart of M*, where Di is the distributional derivative with 
respect to the i^^ coordinate. Then, Avp becomes a signed Radon 



measure on M* (see §1]). An main theorem of this paper is stated as 
follows. 

Theorem 1.1 (Laplacian Comparison Theorem). Let M he an Alexan- 
drov space of dimension n> 2. If M satisfies BG{k,) at a point p e M, 
then we have 

(1.1) dArp > -(n- l)cot«orprfH" onM*\{p}. 

Corollary 1.2. If M is an Alexandrov space of dimension n > 2 and 
curvature > k, then (11.11) holds for any p G M. 

Even if M is a Riemannian manifold, A rp is not absolutely con- 
tinuous with respect to H"^ on the cut-locus of p (see Remark 15.101) . 
Different from Riemannian, the cut-locus of an Alexandrov space is not 
necessarily a closed subset. In fact, we have an example of an Alexan- 
drov space for which the singular set and the cut-locus are both dense 
in the space (cf. Example (2) in §0 of [22] )• The Riemannian metric 
g on M* is not continuous on any singular point and has at most the 
regularity of locally BV. Therefore, the Laplacian of a C°° function 
does not become a function, only does a Radon measure in general. In 
particular, considering a Laplacian comparison in the barrier sense is 
meaningless. In this reason, for Theorem 11.11 a standard proof for Rie- 
mannian does not work and we need a more delicate discussion using 
BV theory. 

In |2S] , Petrunin claims that the Laplacian of any A-semi convex func- 
tion is > —nX from the study of gradient curves. This implies Corollary 
11.21 However we do not know the details. After Petrunin, Renesse [36] 
proved Corollary ll.2l in a different way under some additional condition. 
Our proof is based on a different idea from them. 

We do not know if the converse to Theorem II. II is true or not, i.e., if 
(11. ip implies BG(k) at p. For C°° Riemannian manifolds, this is easy 
to prove. 

As an application to Theorem 11.11 we have 

Theorem 1.3 (Topological Splitting Theorem). If an Alexandrov space 
M satisfies BG(0) and contains a straight line, then M is homeomor- 
phic to N X M. for some topological space N. 

We do not know if the isometric splitting in the theorem is true, i.e., 
if M is isometric to x R for some Alexandrov space N. If we replace 
'BG(O)' with 'curvature > 0', then the isometric splitting is well-known 
([19j) as a generalization of the Toponogov splitting theorem. For Rie- 
mannian manifolds, BG(0) is equivalent to Ric > and the isometric 
splitting was proved by Cheeger-GromoU [8]. In our case, we do not 
have the Weitzenbock formula, so that we cannot obtain the isometric 
splitting at present. 

If the metric of M has enough C°° part, we prove the isometric 
splitting. 
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Corollary 1.4. Let M be an Alexandrov space. Assume that the sin- 
gular set of M is closed and the non-singular set is an (incomplete) 
C°° Riemannian manifold 0/ Ric > 0. If M contains a straight line, 
then M is isometric to N x M. for some Alexandrov space N. 

For Riemannian orbifolds, Borzellino-Zhu [1] proved an isometric 
splitting theorem. Corollary 11.41 is more general than their result. 

In our previous paper [H] , we proved for an Alexandrov space M the 
existence of the heat kernel of M and the discreteness of the spectrum 
of the generator (Laplacian) of the Dirichlet energy form on a relatively 
compact domain in M. As another application to Theorem ll.il we have 
the following heat kernel and first eigenvalue comparison results, which 
generalize the results of Cheeger-Yau [0] and Cheng [TU]. 

B{p,r) denotes the metric ball centered at p and of radius r and 
M"(k) an n-dimensional complete simply connected space form of cur- 
vature K. 

Corollary 1.5. Let M be an n-dimensional Alexandrov space which 
satisfies BG(k) at a point p G M, and Q G M an open subset con- 
taining B{p,r) for a number r > 0. Denote by hf : Q x Q ^ M., 
t > 0, the heat kernel on Q with Dirichlet boundary condition, and by 
ht : B{p,r) x r) — M that on B{p,r) for a point p G M"'(k). 
Then, for any t > and q G B{p, r) we have 

ht{p,q) > ht{p,q), 
where q G M"'(k) is a point such that d{p, q) = d{p, q). 

Corollary 1.6. Let M be an n-dimensional Alexandrov space which 
satisfies BG(fi;) at a point p G M , and r > a number. Denote 
by Xi{B{p,r)) the first eigenvalue of the generator (Laplacian) of the 
Dirichlet energy form on B{p, r) with Dirichlet boundary condition, and 
by Xi{B{p,r)) that on B{p,r) for a point p G M^{k). Then we have 

Xi{B{p,r))<X,{B{p,r)). 

Once we have the Laplacian Comparison Theorem (see Corollary 
15. lip , the proofs of Corollaries 11.51 and 11.61 are the same as of Theorem 
II and Corollary 1 of Renesse's paper [36]. We can carefully verify 
that the local (L^, l)-volume regularity is not needed in the proof of 
Theorem II of 

We also obtain a Brownian motion comparison theorem in the same 
way as in The detail is omitted here. 

Remark 1.7. All the results above are true even in the case where M has 
non-empty boundary. In Corollaries 11.51 and 11.61 we implicitly assume 
the Neumann boundary condition on the boundary of M for the heat 
kernel and the first eigenvalue. In particular, the results hold for any 
convex subset of an Alexandrov space. 
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Let us briefly mention the idea of tlie proof of Theorem 11.11 One of 
the important steps is to prove the Green formula on a region E C M* 
with piecewise smooth boundary: 

JdE 

where ue is the inward normal vector field along dE of E (Theorem 
I4.ip . For the proof of the Green formula, it is essential to prove that 
div^(h) Y diVg Y weakly * as h ^ (Lemma 14 .9 1) , where Y is any C°° 
vector field on M*, g^'^^ the moUifier of the Riemannian metric g on 
M*, and div^, (resp. diVg(h)) the distributional divergence with respect 
to g (resp. g^^^). Remark that to obtain this, we need some geometric 
property of singularities of M (see the proofs of Lemmas 14.81 and 14. 9p 
besides the BV property of g. 

Using the Green formula, we prove the Laplacian Comparison The- 
orem, II. 1[ Our idea is to approximate any region E with piecewise 
smooth boundary by the union of finitely many regions Ak, where each 
Ak forms the intersection of some concentric annulus centered at p of 
radii < and a union of minimal geodesies emanating from p. See 
Figure [H 
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Figure 1. Approximate E by IJfe^fc- 

Set B~ := dB{p, r~) H dA^ and S+ := dB{p, r+) fl dAk. We assume 
that each Ak is very thin, i.e., the diameters of are very small. 
We note that Ufc(-^fc ^k) approximates dE and dE has a division 
corresponding to {Ak}. B^ are all perpendicular to Vr^ and the area 
of B^ is close to that of the corresponding part of dE multiplied by 
(z/g, Vrp). Since the cut-locus of p could be very complex (e.g. could 
be a dense subset), we need a delicate discussion. Using BG(k), we 
estimate the difference between the areas of B^ and 5^ by the volume 
of Ak- Summing up this for all k, we have an estimate of the right-hand 
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side of the Green formula for E by the volume of E, that is, 
Arp(E) > -{n - 1) supcot,(rp(a;)) 

This implies the Laplacian Comparison Theorem. 

The organization of this paper is as follows. In ^we prepare Alexan- 
drov spaces and BV functions. In ^ we prove some basic properties 
for Condition BG(k). In §11 we perform some serious BV calculus on 
Alexandrov spaces and prove the Green formula. In §5l we give a proof 
of the Laplacian Comparison Theorem, 11.11 In the final section, ^ we 
prove Theorem 11.31 following the method of Cheeger-Gromoll [8J. 

2. Preliminaries 

2.1. Notation. Let 6{x) be some function of variable x G M such that 
6{x) ^ as X — s> 0, and 6{x\yi, ?/2, • • • ) some function of variable x G M 
depending on yi, 1/2, •• • such that 9{x\yi, y2, . . .) ^ as x — 0. We 
use them like Landau's symbols. 

2.2. Alexandrov spaces and their structure. In this section, we 
present basics for Alexandrov spaces. Refer [5l El |22l [21] for the details. 

Let M be a geodesic space, i.e., any two points p,q E M can be joined 
by a length-minimizing curve, called a minimal geodesic pq. Note that 
for given p,q E M a minimal geodesic pq is not unique in general. A 
triangle Apqr in M means a set of three points p,q,r E M (vertices), 
and of three geodesies pq, qr, rp (edges). For a number k G M, a k- 
comparison triangle of a triangle Apqr in M is defined to be a triangle 
Apqr in a complete simply connected space form of curvature k with 
the property that d(p,q) = d(p,q), d(q,r) = d(q,f), d(r,p) = d(r,p). 
We denote by Zpqr the angle Zpqf between qp and qr at q of Apqr. 
Zpqr is determined only by d(p,q), d(q,r), d(r,p), and k. 

Definition 2.1 (Alexandrov Convexity). A subset Q G M is said to 
satisfy the (k-) Alexandrov convexity if for any triangle Apqr C Q, there 
exists a ^-comparison triangle Apqr such that for any x G pq, y G pr, 
X G pq, y E pr with d(p, x) = d(p, x), d(p, y) = d(p, y) we have 

d(x,y) > d(x,y). 

Definition 2.2 (Lower Bound of Curvature, k). For a subset Q C M, 
we denote by /t(fi) the supremum of k G M for which Q satisfies the 
K-Alexandrov convexity. k(^1) may be -|-oo or —00. For a point x G M 
we set k(x) := sup^ k(U), where U runs over all neighborhoods of x. 

The function k : M — > [ —00, +00] is lower semi-continuous. 

Definition 2.3 (Alexandrov Space). We say that M is an Alexandrov 
space if 

(1) M is a complete geodesic space, 

(2) k(x) > —00 for any x G M, 
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(3) the Hausdorff dimension of M is finite. 
An Alexandrov space M is said to be of curvature > k if i^{M) > k. 
We usually assume the connectedness for Alexandrov spaces. However, 
we agree that a two-point space M = {p, q} is an Alexandrov space of 
curvature > tt^ /d{p,qy. 

Let M be an Alexandrov space. Then, M is proper, i.e., any bounded 
subset is relatively compact. If M is of curvature > k > 0, then 
diamM < vr/ ^/K, and M is compact. By the globalization theorem, for 
any bounded subset Q C M, there exists R> such that 

K,(Q) > inf k(x) > — oo, 
~ xeB{n,R) 

where B{Q, R) is the i?-neighborhood of Q. In particular we have 

K,{M) = inf k{x) (> -oo). 

The Hausdorff dimension of (any open subset of) M is a non-negative 
integer and coincides with the covering dimension. A zero- dimensional 
Alexandrov space is a one-point or two-point space. A one-dimensional 
Alexandrov space is a one-dimensional complete Riemannian manifold 
possibly with boundary. 

Let n be the dimension of M and assume n > 1. We take any point 
p & M and fix it. Denote by SpM the space of directions at p, and by 
KpM the tangent cone at p (see [6]). EpM is an (n — l)-dimensional 
compact Alexandrov space of curvature > 1 and KpM an n-dimensional 
Alexandrov space of curvature > 0. If M is a Riemannian manifold, 
SpM and KpM are identified respectively with the unit tangent sphere 
and the tangent space. 

Definition 2.4 (Singular Point, (5-Singular Point). A point p E M 
is called a singular point of M if SpM is not isometric to the unit 
sphere S*""^. Let 5 > 0. We say that a point p G M is 5 -singular if 
?i"~^(SpM) < vol(S""'^^) — 5. Let us denote the set of singular points 
of M by Sm and the set of 5-singular points of M hy S^. 

We have Sm = [Js>o ^s- Since the map M 3 p Ti^iJlpM) is lower 
semi-continuous, the 5-singular set Ss is a closed set and so the singular 
set Sm is a Borel set. For a sufficiently small 5 > 0, any point in M\S'5 
has some Euclidean neighborhood. For any geodesic segment pq and 
any x,y E pq\{p, q}, and S^M are isometric to each other ([27]). 
Therefore, a geodesic joining two points in M\Sm is entirely contained 
in M \ Sm- 

Definition 2.5 (Boundary). The boundary of an Alexandrov space M 
is defined inductively. If M is one- dimensional, then M is a complete 
Riemannian manifold and the boundary of M is defined as usual. As- 
sume that M has dimension > 2. A point p G M is a boundary point 
of M if TjpM has non-empty boundary. 
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Any boundary point of M is a singular point. More strongly, the 
boundary of M is contained in for a sufficiently small 5 > 0, which 
follows from the Morse theory in pHl • 

The doubling theorem (§5 of [23]; 13.2 of [n|) states that if M has 
non-empty boundary, then the double of M (i.e., the gluing of two 
copies of M along their boundaries) is an Alexandrov space without 
boundary and each copy of M is convex in the double. 

Denote by Sm (resp. Ss) the set of singular (resp. 5-singular) points 
of dbl(M) contained in M, where we consider M as a copy in dbl(M). 
We agree that Sm = Sm and Ss = Ss provided M has no boundary. 

Fact 2.6. For an Alexandrov space M of dimension n > 2, we have 
the following (l)-(5). 

(1) There exists a number (5„ > depending only on n such that 
M* := M \ Ss„ is a manifold {with boundary) ( [SI EHl ES] ) and 
have a natural C°° differentiable structure {even on the bound- 
ary) ([Hj). 

(2) The Hausdorff dimension of Sm is < n — 1 ([6l|22]), and that 
ofSMts<n-2{[6\). 

(3) We have a unique Riemannian metric g on M* \ Sm such that 
the distance function induced from g coincides with the original 
one ofM ([22]). 

(4) For any 6 with < S < 6n, there exists a C°° Riemannian 
metric gs on M \ Ss such that 

\g - gs\ < e{6\n) onM*\SM 

([14]). where 6{6\n) is defined in H2.1[ 

(5) A C°° differentiable structure on M* satisfying (4) is unique 
([14]). In this meaning, the C°° structure is canonical. 

Remark 2.7. In [13] we construct a C°° structure only on M\B{Ss„, e). 
However this is independent of e and extends to M*. The C°° structure 
is a refinement of the structures of [221 1211 123] • In particular, it is 
compatible with the DC structure of [24] . 

Note that the metric g is defined only on M* \ Sm and does not 
continuously extend to any other point of M. In general the non- 
singular set M* \ Sm is not a manifold because Sm may be dense in 
M. 

Fact 2.8. g is of locally bounded variation ([23]; see ^2.4\ below for 
functions of bounded variation) . The tangent spaces at points in M\Sm 
is isometrically identified with the tangent cones ([22j). The volume 
measure on M* induced from g 

dYo\ = dvolg := ^/\g\ dx 
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coincides with the n-dimensional HausdorjJ measure Ti" ([22])> where 
dx := dx^ ■ ■ ■ dx"' is the Lebesgue measure on a chart, g is uniformly 
elliptic ([22]); i-G., there exists a chart around each point in M* on 
which 

(UE) the eigenvalues of {gij) are hounded away from zero and hounded 
from ahove. 

We assume that all charts of M* satisfy (UE). 

Definition 2.9 (Cut-locus). Let p G M be a point. We say that a 
point x G M is a cut point of p if no minimal geodesic py from p 
contains x as an interior point. The set of cut points of p is called the 
cut-locus of p and denoted by Cutp. 

For the Wp^t defined in we have IJo<i<i ^p,t ~ -^\Cutp. Since Wp^t 
is a closed set, the cut-locus Cutp is a Borel set. We have ?i"'(Cutp) = 
(Proposition 3.1 of [22]). 

By Lemma 4.1 of [22], rp := d{p, ■) is differentiable on M \ {Sm U 
Cutp U {p})- At any x G M \ {Sm U Cutp U {p}) the gradient vector 
Vrp(x) coincides with the tangent vector to the minimal geodesic from 
p passing through x. The gradient vector field Vrp is continuous at all 
differentiable points. 

2.3. Analysis on Alexandrov spaces. Let M be n-dimensional Alexan- 
drov space and L'^{M) the Hilbert space consisting of all real valued 
functions on M with inner product 



We indicate the locally by L'^^^. For a (uniformly elliptic) chart 
{U;x^, . . . ,a;"') on M*, we denote by Di the distributional partial de- 
rivative with respect to the coordinate x*. If DiU is a function for a 
function u, we write it by diU. Define W^''^{M) to be the set of all 
u G L'^{M) such that on each chart (f/; x\ . . . , x") of M*, all Am, 
i = l,...,n, are locally functions, diU, and {du,du) := g'^^diudjU 
belongs to L^(M*), where we follow Einstein's convention and {du, du) 
is determined independent of the chart U . Wl^l{M) denotes the set of 
u G L^Q^(M) such that all DiU, i = 1, . . . ,n, are locally functions. 
We define the symmetric bilinear form S on W^''^{M) by 



We call £ the Dirichlet energy form of M. W^''^{M) is a Hilbert space 
with inner product {u,v)i,2 -\-£{u,v). The pair (£^, l^^'^(M)) becomes 
a strongly local regular Dirichlet form in the sense of [I2j (Theorem 
4.2 and Proposition 7.2 of [H]). £{u,v) is defined for G W^^l^M) 
such that supp v is compact in the same manner. 
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Definition 2.10 (Sub-(super-)harmonicity). A function u G Wi^^{M) 
is said to be £ -subharmonic (resp. S -superharmonic) if for any v G 
C^{M*) witli > we have 8{u,v) < (resp. > 0). 

Remark 2.11. Theorem 3.1 of [H] imphes that M \ M* is an almost 
polar set in M. Therefore, the ^^-sub (super) harmonicity defined here 
is compatible with the terminology in [T3] . 



By Theorem 1.3 of [13] and Theorem 3.1 of [H], we have 

Lemma 2.12 (Maximum Principle; 113|). Let u G Wi^^{M) be contin- 
uous and S -subharmonic. If u attains its maximum in M, then u is 
constant on M . 

2.4. BV functions. We mention basics for BV functions needed in 
this paper. For more details we refer to [T]. 
Let f/ C be an open subset. 

Definition 2.13 (Approximate Limit). We say that locally L} function 

M : f/ — s> M has approximate limit at x & U if there exists 2; G M such 
that 

^^"^ ^7 \\ / l^(^) ~ z\dy = 0, 

r^o \B{x,r)\ Jb(^^^^) 

where B{x,r) is the Euclidean ball centered at x of radius r and 
\B{x,r)\ its Lebesgue measure. Denote by Su the set of x E U where 
u does not have approximate limit. For x G U \ Su, the above z is 
unique and set u{x) := z. The function u : U \ Su ^ ^ is called the 
approximate limit of u. 

Su is a Borel set and satisfies HJ^i^Su) = 0. -u is a Borel function. 

Lemma 2.14 (cf. Proposition 3.64 of [IJ). (1) For any bounded lo- 
cally functions Ui,U2 '■ U —>■ W we have 

Sui+U2 C Sui U Su21 SuiU2 C Sui U Su21 

Ml + U2 = Ml + ■U2, 111112 = ^1112 On f/ \ (5^^ U ) . 

(2) For any Lipschitz function / : M — R and locally function 
u : U ^ M. we have 

SfouCSu, fou = fou onU\Su. 

Definition 2.15 (Approximate Jump Point). For a locally function 
u : U R, a point x E U is called an approximate jump point of u if 
there exist a, 6 G M and u G S^~^ such that a ^ b and 

P-O \B+{x,p)\ Jb+(x,p) 

^'^^a — \\ I \^^y^ -b\dy = 0, 

P-o \B^ {x,p)\ Jbz{x,p) 
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where B^{x,p) := {y G B{x,p) \ {y — x,^) > 0} and Bjj{x,p) := {y G 
B{x,p) I {y — x,u) < 0}. Denote by Ju the set of approximate jump 
point of u. 

Ju is a Borel set and satisfies Ju C (cf. Proposition 3.69 of [Ij). 

Definition 2.16 (BV Function). An function u : U ^ \s oi BV 
[bounded variation) if the distributional derivatives -DjW, i = 1, . . . ,n, 
are all finite Radon measures. \Diu\ denotes the total variation measure 
of DiU. 

Lemma 2.17 (cf. Lemma 3.76 of [T]). Let u : U ^ be a BV function 
and B G U a Borel set. 

(1) Ifm'^{B) = 0, then \Diu\{B) = 0. 

(2) Ifl-r-\B) < +00 and BnSu = ^, then \Diu\{B) = 0. 

Lemma 2.18 (Federer-Vol'pert; cf. Theorem 3.78 of |JJ). For any BV 

function u : U R we have H"'~^{Su \ Ju) = 0. 

Lemma 2.19 (cf. Theorem 3.96 of [T]). (1) For any BV functions 
Ui,U2 : f/ ^ M and Ci, 02 G M, the linear combination C1U1+C2U2 
is also of BV and satisfies 

Di{ciUi + C2M2) = CiDiUi + C2DiU2. 

(2) Assume \ U\ < 00. Ifu : U ^ M. is a BV function with inf u > 0, 
supu < +00, and TC"'~^ (Ju) = 0, and if f : ( 0, +00 ) ^ R is a 
function, then f on is of BV and 

Diifou) = {fou)D,u. 

Lemma 2.20 (Leibniz Rule; cf. Example 3.97 in §3.10 of [T]). For any 

bounded BV functions Ui,U2 : U ^ M. we have the following (1) and 
(2). 

(1) U1U2 is of BV. 

(2) //H-i(J„, n J„,) = 0, then 

Di{UiU2) = UiDiU2 + U2DU1 

and JuiU2 contained in (Ju^ \ S'^j) U {Ju2 \ Sui) upto an 7i"~^- 
negligible set. 

2.5. DC functions. Let fl be an open subset of an Alexandrov space. 
{Q is allowed to be an open subset of M".) A function u : f2 — *■ M is 
said to be convex if u o 7 is a convex function for any geodesic 7 in fl. 

Definition 2.21 (DC Function). A locally Lipschitz function u : Q ^ 
M is of DC if it is locally represented as the difference of two convex 
functions, i.e., for any p G there exists two convex functions v and 
w on some neighborhood U oi p in Q such that u\u = v — w on U . 
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Lemma 2.22 (cf. §6.3 of [H]). For any DC function u on Vt C W , 
the partial derivatives diU, i = 1,2, ... ,n, are all locally bounded and 
locally BV functions. 

Lemma 2.23 (Perelman; §3 of [21] )• Let M be an n- dimensional 
Alexandrov space. For any chart {U,(f) in M* and any DC function u 
on U, uoif~^ is of DC on (f{U) C M". In particular, diU := di{uoif~^), 
i = 1,2, ... ,n, are all locally bounded and locally BV functions. 

Lemma 2.24 (cf. |21])- For any point p in an Alexandrov space M , 
rp{x) := d{p, x) is a DC function on M \ {p}. 



In this section, we mention some elementary and obvious properties 
of Condition BG(k). Let M be an n-dimensional Alexandrov space 
and p E M a point. For a subset C C M, let Ap{C) C M be the union 
of images of minimal geodesies from p intersecting C. For r > and 

< ri < r2, we set 



Lemma 3.1. Let < ri < r2 < R and t := r^jri- Then we have 



where is a lower bound of curvature on B{p, 2R), i.e., kq '■= !l{B{p, 2R)), 
and 0{- ■ ■) is defined in §^.il In particular, if ac{ro) = for a num- 
ber ro > 0, then ac{r) = for any r > tq. Moreover, we have 
0'c{r+) < ac{r) < ac(r— ) for any r > and ac has at most countably 
many discontinuity points. 

Proof. To prove the first assertion, we assume that Ap{C)r\dB{p, r2) is 
nonempty. The map $p,t : Ap{C)ndB{p,ri)nWp^t ^ Ap{C)ndB{p,r2) 
defined in ^is surjective and Lipschitz continuous by the Alexandrov 
convexity. If t is close to 1, then so is the Lipschitz constant of ^p^f 
Therefore we have the first assertion of the lemma, which proves the 
rest. □ 

Lemma [3.11 implies the integrability of ac{r). The same proof as for 
a Riemannian manifold leads to 



3. Condition BG(/t) 



ac{r) ■.= n--\Ap{C)ndB{p,r)), 
^n,r2(C) := {x e Ap{C) I ri < rp{x) < ra}. 



acin) > il-9it~l\R,Ko))ac{r2) 



(3.1) 




for any < ri < r2. 

For a function / : ( a, /3 ) ^ M, we set 




e MU {-oo,+oo} 



a < X < (3. 



Lemma 3.2. The following (l)-(3) are equivalent to each other. 
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(1) BG(k) at p. 

(2) For any subset C G M and < ri < r2 {with < j if 
K > 0), we have 

. , ^ 3.(ri)"-^ , . 
«c(ri) > ^-^^ac(r,). 

(3) For any C G M and r > with ac(r) > {and with r < 'n j \fK 
if K > 0), we have 

a'c{r) < {n-1) cot^{r) ac{r). 

Proof. (1) =^ (2): We fix < ri < r2. Assume that r2 < j ^[k if 
K > 0. For a sufficiently small 5 > 0, we set := ri/(r2 — 5). Since 
%lX^r-i-i,,v,{C)) G Ar^^t^r-,{C), we have by BG(/€) at p, 

We multiply the both sides of this formula by 1/ [t^S] and take the limit 
as 5 ^ 0. Then, remarking Lemma [3. II we obtain (2). 

(2) =^ (1): Let C M be a compact subset and set := 
infj-gE rp(x), r\ := sup^.^^ rp(a;). We assume r\ < tt/a/k if k > 0. For 
r e [?'^5''^s]; set C := dB{p,r) fl -E, r2 := r, and ri := tr. (2) 
implies 

n'^-\<^;}{dB{p,r)nE)) > 'J^^n-~\dB{p,r)nE). 

Integrating this with respect to r over [r]^,r^] yields 

f s (fr^"'~^ 

%,.7r{E) = 7r{%l{E)) > min ^ ^"(i^), 

which implies BG(k) at p. 

(2) <^==^ (3): We set a{r) := ac{r) for simphcity. Let < ri < r2 
be any numbers such that r2 < vt/a/k if k > 0. In (2) we may assume 
that ri < r2 and a(ri),a(r2) > 0, so that (2) is equivalent to 

loga(r2) - loga(ri) ^ / _ ^ JogSf,{r2) - logg^(ri) 
r2 - ri ~ r2 - ri 

This is also equivalent to that for any r > with a{r) > (and with 
r < vr/y^ if K > 0), 

(logoa) (r) < (ri — 1) cotK(r). 
The left-hand side of this is equal to a'{r)/a{r). □ 
Corollary 3.3. If k > and if M satisfies BG(k) at p G M, then 

rp <Ti/ \fK. 
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Proof. By Lemma 13.2( 2). we have aMi'f') — ^ as r ^ vr/y^. By 
Lemma Em (Im{i^) = for any r > n/y/K. Using (13. ip yields that 
m{M \ B{p, tt/v^)) = 0. This completes the proof. □ 

Lemma 13.2( 2) leads to the following. 

Corollary 3.4 (Bishop-Gromov Inequality). If M satisfies BG{k) at 
a point p G M, then 

n-{B{p,r,)) ^ v^jr,) 

njnfnf - < ri < rs, 

W\B{p,r2)) v^[r2) 

where v^lr) is the volume of an r-ball in an n- dimensional complete 
simply connected space form of curvature n. 

Proposition 3.5 (Stability for BG(k)). Let Mi, i = 1,2, ... , and M 
he n-dimensional compact Alexandrov spaces of curvature > Kq for a 
constant kq G M. // all Mi satisfy BG(k) and if M^ Gromov-Hausdorff 
converges to M, then M satisfies BG(k). 

Proof. By §3 of [32] or 10.8 of [6], (Mj, 7i") measured Gromov-Hausdorff 
converges to (M, 7i"). The rest of the proof is omitted (cf. [7]). □ 

The following proposition and corollary are proved by standard dis- 
cussions (cf. Theorem 3.5 in Chapter IV of [5U]). 

Proposition 3.6. Let M he an Alexandrov space with BG(/t), k > 
0. Then we have diamM < 7r/y^. //diamM = vr/^^ then M is 
homeomorphic to the suspension over some topological space. 

Corollary 3.7. Let M he an Alexandrov space such that the singular 
set Sm is closed. If M\ Sm is an (incomplete) C°° Riemannian man- 
ifold o/Ric > K > and if diamM = tt/^/k, then M is isometric to 
the spherical suspension over some compact Alexandrov space. 

The corollary is a generalization of Cheng's maximal diameter theo- 
rem pro]. Compare also [3]. 

4. Green Formula 

Throughout this section, let M be an n-dimensional Alexandrov 
space. The purpose of this section is to prove the following Green 
formula, which is needed for the proof of the Laplacian Comparison 
Theorem, II. 1[ 

Theorem 4.1 (Green Formula). Let p ^ M he a point and E C M* \ 
{p} a region satisfying Assumption \4.^ helow andH"'~^{CutpndE) = 0. 



Then, for any C°° function f : M* — > M we have 

f fdArp= [ (V/, Vrp) dn"" + [ f {ue, Vr^) dW 

Je Je JdE 



n-1 
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where ve denotes the inward normal vector field along BE of E. In 
particular, 

Arp{E)= [ {uE^Vrp) dn''~\ 

JdE 

Assumption 4.2. E is a compact region in M* with piecewise C°° 
boundary such that \Dkgij\{dE n U) = for any i,j,k = 1,2, ... ,n 
and for any chart U of M*. 

Here, the piecewise C°° boundary means that the boundary dE is 
divided into two disjoint subsets dE and dE such that dE is an (n — 1)- 
dimensional C°° submanifold of M* and that dE is a closed set with 

n"-\dE) = o. 

To define the distributional Laplacian A, let us consider the distribu- 
tional divergence of locally BV vector fields. Let Q be an open subset 
of M*. A locally BV vector field A on is defined as a linear combi- 
nation A = A*(9j of locally BV functions A^, . . . , A" on each chart in 
Q with the compatibility condition under chart transformations. For 
a locally function u on Q, the approximate jump set J II on a chart 
is defined. It is easy to prove that J„ is independent of the chart, so 
that Ju is defined as a subset of Vt. For a locally tensor T on M* , 
the approximate jump set C is defined to be the union of the 
approximate jump sets of all coefficients of T. 

Definition 4.3 (Distributional Divergence). For a locally bounded and 
locally BV vector field A on f2, the distributional divergence of X is 
defined by 

divA = di^3 A := Di{^\X'), 

where A = X'di on a chart. By FactEHl Lemmas EH and ElQl 

is a locally bounded and locally BV function. Since ?i"^^(J^^) < 

T-C^'^Sm n M*) = and by the Leibniz rule (Lemma E^OD, di^A is 
determined independent of the local chart, div A is a Radon measure 
on Q. 

Remark 4.4. div A is a generalization of div A d vol on a C°° Riemann- 
ian manifold, where div A is the usual divergence of a C°° vector field 
A. divX/^/\g\ is corresponding to div X dx and is not an invariant 
under chart transformations, where dx is the Lebesgue measure on the 
chart. 

Definition 4.5 (Distributional Laplacian). For a DC function u on 
fl, the partial derivatives diU, i = 1,2, . . . ,n, are locally bounded and 
locally BV functions (see Lemmas 12.221 and 12.231) and so the gradient 
vector field Vm := g'^^djudi is a locally bounded and locally BV vector 
field on Q. Vu is independent of the local chart. The distributional 
Laplacian of u 

Au := - div Vm = -Di{>/\g\g'-^dju) 
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is defined as a Radon measure on fl. 



A M is corresponding to Am d vol, where A is the usual Laplacian. 
By Lemma [Oil Ar^ is defined on M* \ {p}. 

Lemma 4.6. For any bounded BV vector field X on M* with compact 
support in M* , we have 

/ rfdiVX = 0. 
Jm* 

Proof. There is a finite covering {Uk} of suppX consisting of charts 
of M* with compact closure Uk- We take a C°° partition of unity 
{pk : M* [0, l]}fc associated with the covering, i.e., supp C Uk 
and J2kPk = 1 on suppX. Since X = J2kPk-^ have 

/ ddi^X = V / dD,{^\pkX') = 0. 
Jm* ^ Juk 

□ 

For a locally L} vector field X = X^di on fi, we define 

e(VM,X) := ^\X'DiU, 

where X* is the approximate limit of X* (see Definition I2.13p . 

Lemma 4.7. Let f : Q ^ be a C°° function, u a bounded BV 
function with compact support in VL, and v a DC function on Q. If 
rC^-^Ju n Jdv) = 0, then 

(1) di^ifuVv) = fe{Vu,Vv) + udi^{fVv), 

(2) [ f de{Vu,Vv) = - [ uddi^ifVv). 

Proof. ([2]) is obtained by integrating ([1]) on f2 and using Lemma 14. 6[ 

We prove ([T]). We fix a relatively compact chart {U; x^, . . . , x") with 
U G Q. The uniform ellipticity of (f/; x^, . . . , x") implies that \U\ < 
+00. Since gij are continuous on M \ Sm, we have Sg.. C Sm and 
Qij = Qij on M \ Sm- By Lemma 12.141 the same is true for g^^ and 
\/\g\- Since the Hausdorff dimension of Sm H M* is < n — 2 and since 
Qij, and djV are all BV functions on U, Lemmas 12. 141 and 12.201 show 

di^ifuVv) = D,{y^\ufg''dp) 

= V\g\fg''d;vDiU + uD,{^\fg'^d,v) 

= f e{Vu, Vv) + u div(/V?;). 

□ 

Let us study the mollifier g'^^^ of the Riemannian metric g on 
M* . Let {U\\ be a locally finite covering of M* consisting of relatively 
compact charts with U\ C M*, and {p\ : M* [0, 1]} an associated 
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partition of unity, i.e., each supp pa is a compact subset of Ux and 
X)aPa = 1- Let 7] e C^(M") be such that rj > 0, r]{-x) = r]{x), 
supprj C B{o,l), and J^„rjdx = 1. We set r]^ := e~"'ri{x/e), e > 0. 
Denote by gx-ij the coefficients of g with respect to the coordinate of 
Ux- For each A, there exists eA > such that for any e with < e < eA, 
gx;ij * Vt{^) •= Ju^ Vt{^ ~ y)9x;ij{y) dy is a C°° Riemannian metric on 
some neighborhood of supppA- For < h < 1, g^^^ denotes the metric 
tensor defined by gx;ij*'ri^^h{x). Define the C°° Riemannian metric g^^^ 
on M* by 

X 

On each relatively compact chart U, gf^^ is uniformly bounded. As 

^ ^ 0, gf^ gij pointwise on U\Sm and Dkg^j^ = Okg^j^'dx Dkgij 
weakly * (cf. Proposition 3.2 of \T\). 

Lemma 4.8 (Compare Fact 12.6( 4) (or Theorem 6.1 of [T^)). For any 

e, (5 > with 6 < 6r,, we have 



limsup sup \g\j' - gij\ < 6{6\U), 

h-*0 U\{SMUBiSs,e)) 



where 6n is that in Fact \2.6\ and 6{6\U) depends also on the coordinates 
ofU. 

Proof. The same proof as of Lemma 3.2(1) of ^2^ yields that for any 
p,q e M and z e U \ B{Ss, e), 

sup \Zpxq — Zpzq\ < 9(6) + 0{t\p, q, z). 

xeB{z,t) 

Hence, looking at the definition of g in [22], we have for any z G 

U\B{Ss,e), 

sup - g^j{y)\ < 0{s\u) + e{t\z,u). 

x,yeUnB{z,t)\SM 

This and the relative compactness of U\B{Ss, e) imply the lemma. □ 
Lemma 4.9. For any C°° vector field Y on M* we have 
div g{h) Y — ^ divg Y weakly *. 

Proof. We take any relatively compact chart {U; x^, . . . , x") with U C 
M* and fix it. Let Y = Y^di. For g = g, g^'^^ we have on U, 

" 

div^ Y = - — ■= y \{gji, . . . , gj,k-i, F>igjf:, gj,k+i, ■ ■ ■ , gjn)j=i,...,n\ 



k=i 

+ ^iY'^/\f\dx, 

which forms 

F'^''{g)D,gjk + d,Y'^\dx, 
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where is a C°° function and F'^^^{g) is a BV function which 

is continuous on [/ \ Sm- 

We fix ^,J■ and set h := / := F'^\g), fi^ := A^?]^^ = 

9i9jk dx, and /x := DiQjk. It suffices to prove that fhfJ'h ffJ' weakly 
*. Denote the positive part of fih by fi^ and the negative part by /i^. 
There are a sequence hi and non-negative Radon measures i^^ and 
z/~ on t/ such that /i^^ — > z/^ weakly *. It holds that ^ = — v~ . 
We do not know the positive (resp. negative) part of /i coincides with 
z/"*" (resp. z/~). For simplicity we write hi by h. Since //i/U^ — /i/''^ = 
(A - /)/^^ + //^^ - f^^^^ we have for any ip e Co{U), 
(4.1) 

j(7 -'1/ -'1/ -'(7 ^/fy 

Take any e,6 > with 5 < 5„. If /i < 5, e, then - /| < 0(5) on 
('S'm U-B(S'5, e)) by Lemma By the uniform boundedness of g^j^ 
and gij on U \ Sm, we have \ fh\, |/| < c on f/ \ Sm, where c is some 
constant independent of h. The limit-sup as /i ^ of the first term of 
the right-hand side of (14.11) is 



(4.2) hmsup / Mfh-f\d^Ii 

h Ju 

< limsup / 2c|v9| (i/i^ + limsup / 9{6)\(p\ dfx^ 

h Jur\B{Ss,e) h Ju\B{Ss,e) 

± 



< / 2c\ip\du^ + 9{S) / \ip\du^. 

JunB{Ss,e) Ju 

To estimate the first term of the right-hand side, we prove: 

Sublemma 4.10. We have |z^|(f/ fl Ss) = for any 6 > 0, where 
:= + . 

Proof. By remarking the uniform ellipticity of the charts, a direct cal- 
culation shows that 

d\iih\ < c'dx + c' ^ Pa d\Dx-ag\;lm * VeA^ 

X,l,m,a 

where c' is some positive constant, /, m, a run over all 1, 2, . . . , n, and 
Dx-a means Da for the coordinate of U\. According to Proposition 3.7 
of P we have, as h ^ 0, p\d\Dx-ag\;im * r]e,,h\ Pxd\Dx;agx;im\ weakly 
* on Ux, and hence 

d\u\ < c'dx + C' ^ pxd\Dx;agX;lm\- 

X,l,Tn,a 

Since the Hausdorff dimension of Ss H M* is < n — 2, and by Lemma 
12.17( 1). this proves the sublemma. □ 
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By the sublemma, taking 5 — after e — in fl4.2p . we have 

Mfh-f\dfi^ = 0. 



hm 

h 



We are going to estimate the other term of (14. ip . There is a contin- 
uous function ips,e '■ U [0,1] such that ips,e = I on U H B{Ss,e), 
ips,e = on [/ \ B{Ss,2e). Set ips^e := 1 — 4's,t and take a num- 
ber ho with < ho <^ 6. Since ips,e^fho is continuous, we have 
hm/,^0 Jui's,e^fho dfJ.^ = Jjji'5,e'ffho dv^. Moreover, by Lemma | 
lAo - /I < ^{^) onU\ {Sm U B{Ss, e)) and therefore 



(4.3) hmsup 

h Ju 

< hmsup 

h 



^5,e^f du 



U 



u 



u 



+ 



i'5,e^fho du^ 



u 



tjj5,e'ff du^ 



< ^(5) hmsup / ilJs,e\v\ dfit + e{6) / iJs,e\^\ du^ < 6(6). 



We also have 
(4.4) lim sup 

h 

(4.5) 



i'5,e'ff du^ 



u 



<u^iBiSs,3e))snp\ipf\<eie\6), 
u 



< em. 



Combining (USD, (BID, and (gS]) yields 

ff dfih - 



lim sup 

h 



U 



U 



< lim sup 

h 



+ lim sup 



<e{6) + e{e\6). 



i'5,e^f du^ 

i)5,e^f du^ 



+ 



Thus we obtain fhfx^ fu^ and so fh^h = fhfJ't - hl^h 
fv~ = ffi. This completes the proof. 



□ 



We need Lemma [4.91 to prove: 

Lemma 4.11. Let E G M be a region satisfying Assumption 4. 2. 
Define Ie{x) := 1 for x & E, Ie{x) := for x G M\E. Then we have 

DaE = \g\-^'^g^y'E^''~\dE. 

e{VlE,X) = {uE,X) 7e'\dE 
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(1) 

(2) 



for any bounded measurable vector field X on M* , where Ue = ^E9j 
is the inward normal vector field along dE of E and [ indicates the 
restriction of a measure. 

Proof, (d]): We take any C°° vector field Y on M* . On the C°° Rie- 
mannian manifold {M*,g^^^), the divergence formula implies 

/ divgw Y = - {u^^\Y)g(h) dvol^QE^gW), 

J E JdE 

where u^^^ is the inward normal vector field along dE with respect to 
the metric g^^\ It follows from Assumption 14.21 that | div^ Y\(dE) = 0. 
Lemma 14.91 shows that the left-hand side of the above converges to 
J^diVgY. Since g^'^^ ^ g on M* \ Sm, the right-hand side converges 
to — ^qe{^e^Y) g dH^'^ldE- Therefore we have 

!WgY=-! {VE,Y)gdW-\dE, 

Je JdE 

which implies ([T]). 

(I2l) follows from (111) by a direct calculation. □ 

With the help of Lemma 14.111 we finally prove the Green Formula. 

Proof of Theorem \4.1\ By Lemma [4.7( 1). we have 

di^(/Vrp) = (V/, Vrp) dH^ - f A r^, 

which implies 

/ ddi^(/Vrp)= / {Vf,Vrp)dn^- [ fdArp. 
Je Je Je 

By Jdrp C. Cutp, by the assumption for E, and by applying Lemmas 

14.7( 2). H. 11( 2). the left-hand side of the above is equal to 

/ Ie di^(/Vrp) = - / / de{VlE, Vr^) 
Jm* Jm'\{p} 

= ~ [ f {iyE,vfp) dn^-\ 

JdE 

Since 7^"-^(Cutp n dE) = 0, we have Wp = Vr^ W'^-a.e. on dE. 
This completes the proof of the theorem. □ 

5. Laplacian Comparison 

We prove Theorem II. II by using the Green Formula (Theorem 14.11) . 
Let ac(r) and Arj^^r2{C) be as defined in ^ 
Lemma [3.2( 3) implies the following. 

Lemma 5.1. If M satisfies BG(/t) at a point p G M, then for any 
C (Z M and < ri < ra, 

ac(r2) - ac(ri) < (n - 1) cot«(ri)7^"(A,,,,,(C)). 
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Denote by M^{ko) the three-dimensional complete simply connected 
space form of curvature Kq. 

Fact 5.2 (Wald Convexity; [371[2]). Letpi,p2,qi,q2 G M be four points. 
Take a sufficiently large domain fl containing pi,p2, qi, q2 and set kq := 
min{K(r2), 0}. Then there exist four points pi,p2,qi,q2 G M^{i^o) and 
io,jo = 1,2 with {io,jo) ^ (1,2) such that 

dipi,P2) = d{pi,p2), d{qi,q2) > d{qi,q2), 
d{Ph Qj) = d{pi, qj) for {i,j) ^ (zq, jo), 
d{pio,qjo) > d{pi^,qj,). 

Moreover, for any Xi G Piqi, i = 1,2, if we take Xj G Piqi such that 
d{pi,Xi) : d{pi,qi) = d{pi,Xi) : d{pi,qi), then we have 

d{xi,X2) > d{xi,X2)- 

For a, 6 G M (depending on a number 5 > 0), we define a = 6 as 
|a-6| < 9{6). 

Fact 5.3 (5.6 of ^). Take four points pi,P2, qi, q2 ^ M and set := 
mm{K{Q), 0} for a sufficiently large domain fl containing pi,P2, qi, q2- 
If 

d{qi,q2) < 5ram{d{pi,qi),d{p2,qi)} and ZpiqiP2 > n - S, 
then we have 

Zpiqiq2 + Zp2qiq2 = tt, Zpigig2 = ^Piqm, ^P2qiq2 = Zp2qiq2, 
where Z indicates the angle of a Kq- comparison triangle. 

Corollary 5.4. Under the same assumption as in Fact \5.3\, if we take 
a point X E piqi such that d{qi,x) < 6mm{d{pi,qi),d{p2,qi)}, then 

(1) ^xqiq2 = 2xgig2, 

(2) Zgixga = Zgixga- 
Proof. (1): The Alexandrov convexity implies that 

Zxqiq2 > Zxqiq2 > Zpiqiq2 = ^Piqiq2 = Zxgig2- 

(2): The points Pi,P2,x,q2 satisfy the assumption of Fact 15. 3[ Take 
a point q[ G P2X with d{x, q[) = d{x, qi) and use (1). Then, 

^P2xq2 = ^q'ixq2- 

Since Zpixp2 > Zpixp2 = vr, we have Zqixq[ < Zqixp2 = TT — Zpixp2 = 
0. Therefore Z.p2xq2 = Zqixq2 and Zq[xq2 = Zqixq2, which imply 
(2). □ 

Let be a region satisfying the following. 
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Assumption 5.5. E is a region in M* \ {p} satisfying Assumption 14.21 
and 7Y"^^(Cutp fl dE) = 0. The smooth part of dE is transversal to 
Vrp. 

Recall that dE is divided into the smooth part dE and the non- 
smooth part dE. By H"(Cutp) = 0, we have a lot of E's satisfying 
Assumption 15.51 

For p > we set 

D:=dE\ {Sm U Cutp U Ap{dE \ Cutp)), 

Dp := { X E D \ there is y E M such that x E py and d{x, y) > p}. 
Namely, x G -D if and only if the following (1) and (2) hold. 

(1) X e dE\{SMUCntp). 

(2) If we extends px to a minimal geodesic from p hitting dE, then 
it cannot be extended any more. 

It is obvious that IJp>o Dp = D. 

Lemma 5.6. (1) D and Dp are Borel subsets. 
(2) We have n"~\dE \D) = 0. 

Proof. (1): For p > 0, we set 

Wp := { X G M I there is y E M such that x E py and d{x, y) > p}. 

Since Dp = D n Wp and Wp is closed, it suffices to prove that D is a 
Borel set. In fact, Ap{dE fl Wp) is closed, monotone non-increasing in 
p, and satisfies 

(5.1) U Ap{dE n Wp) = Ap{dE \ Cutp), 

which is a Borel set. Since dE, Sm, Cutp are all Borel, so is D. 

(2): We take any points pi,p2 G dE fl Ap{dE fl Wp). For each 
i = 1, 2, we extend ppi to a minimal geodesic from p hitting dE fl Wp 
and denote the hitting point by Xi. We further extends the geodesic 
beyond Xi to the point, say qi, such that d{xi, qi) = p. Such the points 
Xi and qi necessarily exist because of pi,P2 G Ap{dE fl Wp). For the 
points Pi,qi,Xi, i = 1,2, we apply the Wald convexity (Fact and 
have d{pi,p2) < c d{xi, X2), where c is a constant independent of pi, p2. 
Therefore, H'^'^dEnApidEnWp)) < d'-^n''-\dEnWp) = 0, which 
together with (O) implies W'^idE f] Ap{dE\Cntp)) = 0. Combining 
this, W-^Sm) = 0, and ^^"-^(Cutp n dE) = 0, we obtain (2). □ 

For two points x,y E Dp, we define the point r^xiy) to be the in- 
tersection point of a minimal geodesic from p passing through y and 
dB{p,rp{x)) (if any). Since Vrp and dE are transversal to each other, 
if d{x, y) is small enough compared with a given x E dE, such the 
intersection point n^^y) exists. 
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Lemma 5.7. For any subset A C B{x, 5) fl Dp with H"" ^(A) > 0, we 
have 

\{Mx),Vrp{x))\W^-\A) 



n^-^in^iA)) 



1 



<e{6\x,p). 



Proof. We fix x and p, then we write 6{6) = 6{6\x,p). Assume 6 <^ p. 
For a, 6 G M, we define a ^ 6 as |a — 6| < ^^((5)|a|. 

Let y,z G B{x, 6) fl Dp be two different points. We take a minimal 
geodesic, say a (resp. r), from p containing py (resp. pz) which has 
maximal length. It follows that L{a),L{T) >r — 6 + p>r + p/2, 
where we set r := rp{x). 

Sublemma 5.8. We have d{(T(ti),r{ti)) ~ d{a(t2),T(t2)) for any ti 
andt2 with a(ti),T(ti) eB{x,6). 

Proof. The Alexandrov convexity implies 

d(a(ti),r(ti)) > {l-9i6))d{a{t2),Tit2)). 

An inverse estimate follows from applying the Wald convexity (Fact 
EM to Pi ■= (^ih), P2 := r(ti), gi := a(r + p/2), := r(r + p/2), 
Xi := a{t2), X2 := T{t2). □ 

Setting y' := T{rp{y)) and z' := a{rp{z)) we have, by Sublemma 15.81 

d{-nx{,y), T^x{,z)) ^ d{y, y') ~ d{z, z). 



Let a := /Lzyz' . By Corollary 15.41 a = Azyz' and hence 
ci(?/, z) sin a ~ d{j^^{y),Ti^{z)). 

We also have 

Vviy) - ^pi^) I = ^iy^ - ^iy^ ^) cos «. 

We assume that 5 is small enough compared with x. Then, there is a 
chart (f/, <y9) of M* containing B{x, 5) such that (p{dE) is a hyper-plane 
in ip{U) C and gij{x) = 6ij. Let c be a curve from y to z such that 
o c is a Euclidean line segment in ip{U). Since {c{s),'Vrp{c{s))) = 
(c(0), Vrp(?/)) and L(c) ^ d{y,z), the first variation formula leads to 

rp{y) -rp{z) ~ rf(?/,2)(c(0), Vrp(|/)). 

and so cos a = |(c(0), Vrp(?/))|. Therefore, 



d{y, z) y/l-(c(0),Vrp(y))2 ^ rf(7r,.(|/), 7r,.(2;)). 

Take a hyper-plane C M" containing v'(a;) and perpendicular to 
Vrp(a;). Denoting the orthogonal projection by P : ip{dE) H, we 
see 



d^.{P{y,{y)),P{^{z))) = d{y,z)^l - {c{0),Vrp{y)y 

- d{n^{y),ny{z)), 
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which imphes that W-^n^iA)) ~ 7^"(P(¥?(A))). Since gij = 5ij on U, 
we have d{y,z) ~ dRn{if{y),if{z)) and ^-^A) ~ This 
completes the proof. □ 

Proof of Theorem M.li By the Green Formula (Theorem 14. ip . it suffices 
to prove the theorem that 



(5.2) 



[n 



'dE x&E 

for any region E satisfying Assumption 15. 5[ 
We define 



l)sup cot^{rp{x))7e{E) 



D- 
D 



± 



{x E D \ {uE{x),Vrp{x)) < }, 
{xeD \ {uE{x),Vrp{x)) > }, 



They are all ?-^"~^-measurable sets. Take any e > and fix it for a 
moment. Let 6x,p > be a number small enough compared with x,p, 
and e. For the 9{6\x,p) of Lemma we assume 9{Sx,p\x,p) < e. For 
a point X e dD~ , let n{x) be the intersection point of px and dE which 
is nearest to x. From the definition of D we have n{D~) C D^. Take a 
countable dense subset {x^}k C and set x^ := vr(x^). It holds that 
G -D''^. We find a number 6k in such a way that < 6k < 6^~ ^ and 
7riBix^,6k) n D;) C Bixt,6,^J. It follows from C U^fe^^) 
that there are disjoint 7i"~ ^-measurable subsets C B{x^,6k) with 
L)- = 5". Setting B+ := 7c{B-) we have B+ C D+. The definition 
of 5fc and Lemma 15.71 lead to 



|K(a:±),Vr,(x±))| 7^-1(5 



7^"-i(vr +(i?,f±)) 



Taking 6k small enough, we assume that 



< e. 



|(z/£;(x±), Vrp(x±)) - {iyE,\/rp)\ < e on B^. 



Thus we have 




-2e7i:"-i(aE) 

k 
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By Lemma F5.il this is 



> -in 



1) (^supcot.or,^ J2'^-{A^^^^-{7T^-{B-)))-4en-\dE). 



where we set := rp{x^). Let A{D^) be the region in Ap{D^) between 
D~ and 'k{D^). We assume the division {5^}^ of to be so fine 
that 



< e. 



Therefore, 



JD::un(D-) 



/n—1 

^UE, \ Tpi ar! 

'DpUn{D-) 

in—l I 



> -{n - 1) (^sup cot, orpj (7^"(A(Z};)) + e) - Aen^~\dE), 

where e is either e or — e. We define A{D^) as in the same manner as 

A{Dp). After e ^ we take p ^ and then have 

(5.3) 

/ {UE, Vrp) rfH"-^ >-{n-l) fsup cot, ovj) 7e{A{D-)). 

Jd-Utt{D~) \ E / 

Set D' := \ n^D^). The set of x G dE such that px passes through 
D' is of 7Y"^^-measure zero. Therefore, the same discussion as above 
leads to 

(5.4) jjuE,Vrp) dH'^-' > -(n- 1) (^sup cot, or^^ H"(A(/^')), 

where A{D') is the intersection of E and the union of images of minimal 
geodesies from p intersecting D'. By (15.31) and (15. 4p we obtain (15.21) . 
This completes the proof. □ 

By using Theorem 11.11 a direct calculation implies 

Corollary 5.9. Under the same assumption as in Theorem for 
any C"^ function / : R ^ M with f > 0, we have 

A/orp > - ^ ' oTpdl-r onM*\{p}. 

Remark 5.10. Avp is not absolutely continuous with respect to 
on the cut-locus of p. In fact, let M be an ra-dimensional complete 
Riemannian manifold without boundary and C M a fc-dimensional 
submanifold without boundary which is contained in Cutp for a point 
p e M. (We do assume the completeness of N.) Denote by iy{N) the 
normal bundle over N and by Vt{N) the set of vectors in z/(iV) with 
length < e. We assume that there exists a number eo > such that 
exp(z/e(,(A^)) n Cutp = A^. For x & N, let be the set of unit vectors 
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angent to minimal geodesies from x to p. is isometric to a 
{n — k — l)-sphere of radius G (0, 1]. The angle between u and V^, 
a{x) := inf^igy^ Z(M,f), is constant for all u G Uii^N) fl Tj-M. Applying 
Theorem O to z/,(A^'), A^' C A^, < e < eo, we have 

where Un-k-i is the volume of a unit {n — k — l)-sphere. In particular, 
A Vp is not absolutely continuous with respect to H"' on A^. 

The following is needed in the proofs of Theorem ll.3[ Corollaries 11.51 
and II. 6[ 

Corollary 5.11. For any f G C^{M* \ {p}) with f >0, we have 
[ (Vrp, V/) dn^'y [ f dArp>-{n-l) [ f cot. or^ dn\ 

J M* J M* JM* 

Proof. Theorem 11.11 says the second inequality of the corollary. In the 
case where M* has no boundary, the Green Formula (Theorem 14. ip 
tells us that the first term is equal to the second. We prove the first 
inequality in the case where M* has non-empty boundary. Assume 
that M* has non-empty boundary. Since M* is a manifold with 
C°° boundary DM*, we can approximate DM* by a hypersurface 
A^ C M* with respect to the topology such that 7^"-^(Cutp^A^) = 
and \Dkgij\{N fl f/) = for any i, j, /c and for any chart U of M*. Let 
Vn be the closed region in M* bounded by A^ and not containing the 
boundary of M* . We find a compact region E C M* \ {p} satisfying 
the assumption of the Green Formula (Theorem 14.11) such that Vn fl 
supp f G E G Vn ■ The Green Formula implies 

/ {Vrp,Vf)dn^= [ fdArp- [ f {uN^Vr^) dH''-\ 

JVn JVn JNnsuppf 

where un is the inward unit normal vector fields on A^ with respect 
to Vat. Since M is convex in the double of M, as A^ converges to the 
boundary of M* in the topology, any limit of {un, Vrp) is non- 
positive, which together with Fatou's lemma shows 

limsup / / (z/jv, Vrp) dW^^ < 0. 

N^dM* JNnsuppf 

This completes the proof. □ 

6. Splitting Theorem 

We prove the Topological Splitting Theorem, 11.31 following the idea 
of Cheeger-GromoU |8]. 

Let M be a non-compact Alexandrov space and 7 a ray in M, i.e., 
a geodesic defined on [0, -|-oo ) such that d{'y{s),'j(t)) = |s — t| for any 
s,t>0. 
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Definition 6.1 (Busemann Function). The Busemann function : 
M — >■ M for 7 is defined by 

b^{x) := lim {t — 7(t))}, x E M. 

It follows from the triangle inequality that t — d{x, 7(t)) is monotone 
non- decreasing in t, so that the limit above exists, is a 1-Lipschitz 
function. 

Definition 6.2. We say that a ray a in M is asymptotic to 7 if there 
exist a sequence — > +00, i = 1,2,..., and minimal geodesies CTj : 
[0,Zj] — >• M with o"j(/j) = 7(tj) such that cxj converges to a as i —>■ 00, 
(i.e., cri(t) a(t) for each t). 

For any point in M, there is a ray asymptotic to 7 from the point. 
Any subray of a ray asymptotic to 7 is asymptotic to 7. By the same 
proof as for Riemannian manifolds (cf. Theorem 3.8.2(3) of [31]), for 
any ray a asymptotic to 7 we have 

(6.1) b^ o (t(s) = s + b^ o cr(0) for any s > 0. 

For a complete Riemannian manifold, 6^ is differentiable at a{s) for 
any s > 0, which seems to be true also for Alexandrov spaces, but we 
do not need it for the proof of Theorem 11.31 

Lemma 6.3. Let f : M ^ M be a 1-Lipschitz function and u,v E "EpM 
two directions at a point p e M. If the directional derivative of f to u 
is equal to 1 and that to v equal to —1, then the angle between u and v 
is equal to vr. 

Proof There are points Xt, yt G M, t > 0, such that d{p, Xt) = d{p, yt) = 
t for alH > and that the direction at p of pxt (resp. ppt) converges 
to u (resp. v) as t ^ 0. The assumption for / tells us that 

U,„/(££WM.l and U„,ZM^ = -1, 

i^O t t^O t 



which imply 



lim^^>lim:^M^/M = 2. 

t^o t t^o t 



This completes the proof. □ 

Lemma 6.4. Assume that a ray a : [0, +00) M is asymptotic to 
a ray 7 : [0, +00 ) — > M, and let s be a given positive number. Then, 
among all rays emanating from cr{s), only the subray o"|[s,+oo) of a is 
asymptotic to 7. 

Proof. Look at (16. ip and use Lemma [6.31 for f := bj. □ 

Lemma 6.5. Let'-/ be a straight line inM. Denote byb^ the Busemann 

function for 7+ := 7|[o,+oo) and by 6_ that for 7_ := 7|(_oo,o]- U 
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+ 6_ = holds, then M is covered by disjoint straight lines bi- 
asymptotic to j. In particular, b^^(t) for all t & M. are homeomorphic 
to each other and M is homeomorphic to h^{t) x M. 

Proof. Take any point p & M and a ray a : [0,+oo) M from p 
asymptotic to 7+. For any s > 0, the directional derivatives of 6+ to the 
two opposite directions at a{s) tangent to a are —1 and 1 respectively. 
Since 6_ = —6+ and by Lemma 16.31 a ray from a{s) asymptotic to 
7_ is unique and contains cr([0, s]). By the arbitrariness of s > 0, ex 
extends to a straight line bi-asymptotic to 7. Namely, for a given point 
p G M, we have a straight line Up passing through p and bi-asymptotic 
to 7. By Lemma [631 any ray from a point in ap asymptotic to 7-1- is a 
subray of ap. In particular, ap is unique (upto parameters) for a given 
p. M is covered by {ap}p^M and this completes the proof. □ 

Lemma 6.6. Assume that M satisfies BG(0) at any point on a ray 7 
in M. Then, the Busemann function b^ is £ -subharmonic. 

See Definit ion 12 . 1 01 for the definition of £^-subharmonicity. 

Proof. We take a sequence ti +00, 2 = 1,2,.... Since r^(^ti), b^ are 
1-Lipschitz, they are 7i"-a.e. differentiable. Let x G M* be any point 
where r^(t-) and b^ are all differentiable. We have a unique minimal 
geodesic ax,i from x to 7(ti) and Vr^((.)(a;) is tangent to it. A ray ax 
from X asymptotic to 7 is unique and — V6^(a;) is tangent to it. Since 
o'x,i —>■ ax as i —>■ 00, we have Vr^(t-)(x) — V6^(x). Therefore, the 
dominated convergence theorem and Corollary 15.111 show that for any 
u G C^{M*) with M > 0, 

- / {Vb^, Vu) dn"" = hm [ (Vr^(t,), Vm) dH'' 

J M* * J M* 

> -(n - 1) lim /" dTT = 0. 

* Jm* ^liU) 

This completes the proof. □ 

Remark 6.7. In general, b^ is not of DC and A 6^ does not exist as a 
Radon measure. 

Proof of Theorem \1.3\ . By Lemma [6.6^ 6 := 6+ + 6_ is £^-subharmonic. 
It follows from the triangle inequality that 6 < 0. We have 607 = 
by the definition of b. The maximum principle (Lemma I2.12p proves 
6 = 0. Lemma [6.51 implies the theorem. □ 



Proof of Corollary \1.4\ We denote by A the usual Laplacian induced 
from the C°° Riemannian metric on M\Sm- It follows from 6+ + 6_ = 
that 6+ is £^-subharmonic and ^-superharmonic, so that 6+ is a weak 
solution of Am = on M\Sm- By the regularity theorem of elliptic dif- 
ferential equation, 6+ is C°° on M \ Sm and satisfies A6+ = pointwise 
on M\Sm- By using Weitzenbock formula and by Ric(V6+, V6+) > 0, 
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the Hessian of 6+ vanishes on M \ Sm, namely 6+ is a hnear function 
along any geodesic in M\Sm- Since any geodesic joining two points in 
M \ Sm is contained in M \ Sm, the set of geodesic segments in M \ Sm 
is dense in the set of all geodesic segments. Therefore, is linear along 
any geodesic in M. Since M is covered by straight lines bi-asymptotic 
to 7, b+ is averaged in the sense of p^. The corollary follows from 
Theorem A of p]. □ 
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